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Experimental Realization of 1→ 2 Asymmetric Phase-Covariant Quantum Cloning
Hongwei Chen,1 Xianyi Zhou,1 Dieter Suter,2 and Jiangfeng Du1, 2, ∗
1Hefei National Laboratory for Physical Sciences at Microscale and Department of Modern Physics,
University of Science and Technology of China, Hefei, Anhui 230026, People’s Republic of China
2Fachbereich Physik, Universita¨t Dortmund, 44221 Dortmund, Germany
While exact cloning of an unknown quantum state is prohibited by the linearity of quantum
mechanics, approximate cloning is possible and has been used, e.g., to derive limits on the security
of quantum communication protocols. In the case of asymmetric cloning, the information from the
input state is distributed asymmetrically between the different output states. Here, we consider
asymmetric phase-covariant cloning, where the goal is to optimally transfer the phase information
from a single input qubit to different output qubits. We construct an optimal quantum cloning
machine for two qubits that does not require ancilla qubits and implement it on an NMR quantum
information processor.
PACS numbers: 03.67.-a, 03.67.Dd, 76.60.-k
I. INTRODUCTION
Among the main differences between quantum and
classical information is the fundamental impossibility to
exactly duplicate an unknown quantum state. This was
established by the no-cloning theorem of Dieks [1] and
Wootters and Zurek [2]; for a review, see Ref. [3]. While
exact cloning is thus impossible, it remains an impor-
tant goal to approximately clone quantum states. This
possibility, which is particularly important for quantum
communication and cryptography, was first discussed by
Buzˇek and Hillery [4], who showed that it is possible to
create copies (approximate clones) of unknown quantum
states with a quality that does not depend on the initial
state.
Approximate cloning can be optimized in different
ways. In so-called asymmetric cloning, the amount of
information transferred from the input state to the copy
is an adjustable parameter. The quality of the copy and
the distortion that the cloning process causes on the orig-
inal system both depend on this parameter: If the quality
of the copy increases, the distortion of the original neces-
sarily increases simultaneously [5, 6, 7, 8]. This is quan-
tified by the fidelity of the two output systems, which
is defined as the overlap of these states with the input
state. This tradeoff relates, e.g., the amount of informa-
tion that an eavesdropper can extract from a quantum
communication channel to the error rate of the transmit-
ted information [9].
Asymmetric quantum cloning was first proposed for
copying a single qubit to a single copy qubit [6], and
subsequently extended to arbitrary dimensions (includ-
ing the continuous case) [10, 11]. An implementation of
universal asymmetric cloning in an optical experiment
was proposed locally [12] and at a distance [13]. An ex-
perimental realization of 1 → 2 asymmetric cloning was
reported by Zhao et al. [14] using two entangled photon
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pairs.
The quality of the cloning can be improved if the initial
state is restricted to part of the full Hilbert space. An ex-
ample of this state-dependent cloning is phase-covariant
cloning [15], where the input state is an equal-weight
superposition of two basis states. The goal is then to
optimally clone the state in such a way that the phase
information is conserved.
In this paper, we construct a two-qubit quantum logic
circuit that implements the optimal asymmetric 1 → 2
phase-covariant cloning [15] for arbitrary input phase.
Our cloning machine does not require any ancilla qubits
and uses only two gate operations. The cloning process
is implemented experimentally in an NMR system, us-
ing nuclear-spin qubits. For the gate operations we use
controlled geometrical phase gates and demonstrate the
trade-off in fidelity for the two output qubits.
II. CLONING SCHEME
In the following, we consider phase-covariant cloning:
the original qubit to be cloned is in an equal-weight su-
perposition of the two basis states,
|ψ〉ini = 1√
2
(|0〉+ eiϕ|1〉), (1)
with an unknown phase difference ϕ. We clone this state
onto a second qubit that is originally in state |0〉. The
cloning is acomplished by a unitary operation acting on
the initial product state |ψ〉ini|0〉 [16]. The operation can
be specified by its effect on the two orthogonal initial
states |00〉 and |10〉:
|00〉 → |00〉,
|10〉 → cos α
2
|10〉+ sin α
2
|01〉 (2)
2or by its matrix representation
un =


1 0 0 0
0 0 sin
(
α
2
)
cos
(
α
2
)
0 0 cos
(
α
2
) − sin (α2 )
0 −1 0 0

 . (3)
This operation is equivalent (up to local operation and
phases) to CROT12CNOT21, and the rotation angle α
can be used to adjust how much information is trans-
ferred to the second qubit.
ρbU1
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ini
FIG. 1: The quantum logic circuit for our optimal asymmetric
quantum phase-covariant cloning machine. Qubit a is the one
to be cloned, initially in the state |ψ〉ini, while qubit b is the
blank one which initially in state |0〉. The unitary operation
U1 denotes Ry(α) and U2 denotes Ry(−pi).
After the cloning operation, the partial density opera-
tors for the two qubits are
ρa =
1
2
(
1 + sin2 α2 e
−iϕ cos α2
eiϕ cos α2 1− sin2 α2
)
,
ρb =
1
2
(
1 + cos2 α2 e
−iϕ sin α2
eiϕ sin α2 1− cos2 α2
)
. (4)
The state-overlap between the original and the two
output qubits are
Fa = Tr(ρa|ψ〉ini〈ψ|ini) =
1 + cos α2
2
,
Fb = Tr(ρb|ψ〉ini〈ψ|ini) =
1 + sin α2
2
. (5)
The choice of the angle α thus determines how much in-
formation is transferred from qubit a to qubit b: For
α = 0, the overlap of qubit a with the initial state is
1, while the overlap of the copy qubit is just the ran-
dom value 12 . When α =
pi
2 , we obtain the case of opti-
cal symmetric cloning, with Fa = Fb ≃ 0.85355, which
has been shown to be the optimal value for symmetric
phase-covariant cloning [15]. For α = π, the informa-
tion is transferred completely to the copy qubit, with
Fa =
1
2 , Fb = 1.
Compared to the logic circuit of the symmetric cloning
machine proposed in Ref [17], this scheme needs fewer
logic gates. We therefore expect it to perform better in
practice, being less affected by experimental imperfec-
tions, such as errors in rotation angles of radio-frequency
pulses.
III. GEOMETRIC PHASE GATE
Geometric quantum phases [20, 21, 22, 23] have the
remarkable property that they depend only on global pa-
rameters (e.g. the area of a circuit) and are therefore
not sensitive to some local variations of the trajectory. It
was therefore suggested, that quantum gate operations
using geometric gates may be less susceptible to exper-
imental imperfections and therefore yield higher fidelity
[19, 24, 25, 26, 27, 28, 29, 30, 31]
We therefore used geometric phase gates to imple-
ment the two controlled gate operations required for the
cloning operation (3) (see Fig. 1). We first discuss the
relevant operation for a single qubit and then extend the
procedure to the controlled operations.
A. Single qubit gate
Within the two-level system, we consider two orthogo-
nal states |ψ+〉 and |ψ−〉, which undergo a cyclic evo-
lution described by the operator U(τ): U(τ)|ψ±〉 =
e±iγ |ψ±〉. The parameter γ is thus the total phase dif-
ference of the two states acquired during this circuit.
In the computational basis (|0〉, |1〉), the cyclic states
can be written as
|ψ+〉 = cos χ
2
|0〉+ eiϕ sin χ
2
|1〉,
|ψ−〉 = sin χ
2
|0〉 − eiϕ cos χ
2
|1〉,
where (χ, ϕ) are the spherical coordinates of the state
vector on the Bloch sphere. For an arbitrary input state
|ψin〉 = a+|ψ+〉 + a−|ψ−〉 with a± = 〈ψ±|ψin〉, after the
cyclic evolution for the |ψ±〉 state, the output state is
|ψout〉 = U(γ, χ, ϕ)|ψin〉,where
U =
(
eiγ cos2 χ2 + e
−iγ sin2 χ2 ie
−iϕ sin γ sinχ
ieiϕ sin γ sinχ eiγ sin2 χ2 + e
−iγ cos2 χ2
)
.
(6)
This operation becomes a purely geometric gate oper-
ation if the dynamic contribution to the total phase γ
vanishes.
In the experiment, we use a nonadiabatic geometric
phase and transform the input states along geodesic cir-
cuits on the Bloch sphere, as shown in Fig. 2. Here, the
cyclic states are
|ψ+〉 = 1√
2
(|0〉+ i|1〉), |ψ−〉 = 1√
2
(|0〉 − i|1〉),
i.e. χ = ϕ = pi2 . For the circuit shown in Fig. 2, the
solid angle subtended by the circuit is equal to α, the
rotation angle during the second part of the circuit. The
geometric phase becomes thus γ = −α2 .
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FIG. 2: The cyclic trajectories used in the experiment. |ψ+〉
is transported along the path A-B-C-A, and |ψ−〉 transported
along the path A’-B’-C’-A’.
For the circuit of Fig. 2, we may substitute the above
values for χ, ϕ, and γ. The propagator becomes then
U(−α
2
,
π
2
,
π
2
) =
(
cos α2 sin
α
2− sin α2 cos α2
)
. (7)
B. Controlled operations
We now apply this geometrical gate to controlled oper-
ations in a two-qubit system where qubit a is the control
qubit, while qubit b undergoes the geometric circuit if
qubit a is in state |1〉 but remains invariant if the control
qubit is in state |0〉.
The Hamiltonian of the 2-qubit system is (in angular
frequency units)
H = ωaI
a
z + ωbI
b
z + 2πJI
a
z I
b
z . (8)
For the subsystem of qubit b, we can write the reduced
Hamiltonian
Hb = ωbI
b
z + 2πJm
a
zI
b
z = [ωb − 2πJ(da −
1
2
)]Ibz ,
where maz is the eigenvalue of I
a
z (= ± 12 ) and da the
corresponding computational value (= 0, 1).
If we use a rotating frame with a frequency of ω′b =
ωb + πJ , the Hamiltonian vanishes for d
a = 0, H
(0)
b = 0,
while it becomes H
(1)
b = −2πJIbz for da = 1.
This Hamiltonian generates controlled rotations
around the z-axis. To generate the trajectories of Fig. 2,
we rotate the rotation axis using radio-frequency pulses.
To generate a pi2 rotation around the x-axis, e.g., we use
the sequence
Rby(
π
2
)− 1
4J
−Rby(−
π
2
),
where the notation for the rotations is Rqubitaxis (angle), and
1
4J stand for free evolution under the control Hamiltonian
for the duration τ = 14J . The circuit of Fig. 2 is thus
generated by the sequence
Rby(
π
2
)− 1
4J
−Rby(−
π
2
)−Rbx(−
π
2
)− ( α
2πJ
)
−Rbx(
π
2
)−Rby(−α−
π
2
)− 1
4J
−Rby(α+
π
2
). (9)
This represents the first gate operation of Fig. 1. For
the second operation, we have to reverse the roles of con-
trol and target qubit and apply the following sequence to
qubit a:
Ray(
π
2
)− 1
4J
−Ray(−
π
2
)−Rax(
π
2
)− 1
2J
−Rax(−
π
2
)−Ray(
π
2
)− 1
4J
−Ray(−
π
2
), (10)
now setting the rf frequency to ωa + πJ .
IV. NMR IMPLEMENTATION
For the experimental implementation, we used the two
nuclear spins of 13C-labelled chloroform as qubits. The
system Hamiltonian corresponds to Eq. (8) with a spin-
spin coupling constant J = 214.5 Hz. Experiments were
performed at room temperature on a Bruker AV-400
spectrometer.
The system was first prepared in a pseudopure state
|00〉 using the method of spatial averaging [18] with the
pulse sequence
Rbx(π/3)−Gz −Rbx(π/4)−
1
2J
−Rby(π/4)−Gz , (11)
which is read from left to right (as the following se-
quences). The rotations Rspinsaxis (angle) are implemented
by radio-frequency pulses. Gz is a pulsed field gradient
which destroys all coherences (x and y magnetizations)
and retains longitudinal magnetization (z magnetization
component) only. 12J represents a free precession period
of the specified duration under the coupling Hamiltonian
(no resonance offsets).
From the state |00〉, we prepared the initial state
1√
2
(|0〉 + eiϕ|1〉) ⊗ |0〉 by rotating qubit a (the 13C nu-
clear spin) into the xy-plane. Experiments were done for
ϕ = npi2 (n = 0, 1, 2, 3). For each value of ϕ, we performed
the cloning operation, using the geometric gate opera-
tions (9) and (10) for different asymmetry parameters
α.
To experimentally determine the fidelities (6), we need
the density operators of the initial state of qubit a and
the final states of both qubits. For this purpose, we
parametrize the density operators as
ρ =
1
2
(1 + ~r · ~I) ,
where ~r = (x, y, z) is a Bloch vector. The fidelities (6)
are then
Fi = Tr(ρ0 · ρi) = 1
2
(1 + ~r0 · ~ri)), (i = a, b),
4For the initial state ψ = 1√
2
(|0〉 + eiϕ|1〉), we have
~r0 = (cosϕ, sinϕ, 0) and the fidelities become
Fi =
1
2
(1 + cosϕxi + sinϕyi). (12)
The transverse components xi, yi can be measured as the
transverse magnetisation components of the free induc-
tion decay. To perform the trace over the other spin,
we can either apply a decoupling field to the other spin
or integrate over the two lines in the spectrum. For the
present experiment, we chose the second possibility.
V. EXPERIMENTAL RESULTS
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FIG. 3: Experimentally observed NMR spectra of 13C-
chloroform before and after a quantum cloning operation.
The original state was an equal-weight superposition with
equal phases (ϕ = 0), shown in the top row. The middle row
shows the resulting spectra for a symmetric cloning operation
(α = pi/2), and the bottom row the result of an asymmetric
cloning operation (α = 2pi/3). The left hand column holds
the input qubit, the right hand column the copy qubit.
Figure 3 shows a typical example of a cloning oper-
ation. The input qubit (qubit a) was initialized into a
pseudo-pure state 1√
2
(|0〉 + |1〉), as described in section
IV, using the phase angle ϕ = 0, and the target qubit
was set to |0〉. This state corresponds to transverse mag-
netisation of spin a and is therefore directly observable
in the NMR spectrometer. The upper row of Figure 3
shows the Fourier transform of the measured free induc-
tion decay (FID) of the 13C signal. Only one of the two
resonance lines is observable, indicating that the target
qubit is in the state |0〉.
The middle row of Figure 3 shows the corresponding
spectra after a symmetrical cloning operation, with the
propagator of Eq. (7)
U(α =
π
2
) =
1√
2
(
1 −1
1 1
)
.
Integrating the signal for each spin species, we find for
the x-components xa = 0.667 and xb = 0.682, in good
agreement with the theoretical values of xa = xb = 1/
√
2.
The corresponding fidelities are Fa = 0.834 and Fb =
0.841 (theoretical values : 0.854).
The bottom row shows the same result for an asym-
metric cloning operation. Here, the rotation angle α was
set to 2π/3. As a result, the target qubit has the higher
fidelity: Fa = 0.758, Fb = 0.920, again in good agreement
with the theoretical values of 0.750 and 0.933.
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FIG. 4: The experimental fidelities versus the different pa-
rameter α of the asymmetric cloning machine. The theoretical
values of fidelities are plotted as solid lines. And the differ-
ent symbols are corresponding to the experimental fidelities
of two qubits with different angles ϕ of the initial state |ψ〉ini.
Figure 4 shows a more systematic check of the effect of
the rotation angle on the two fidelities. We compare the
fidelities of both qubits with the theoretical value as a
function of the asymmetry parameter α. The theoretical
curve is independent of the phase of the initial state.
Experimental data were measured for 4 different initial
phases ϕ as a function of the rotation angle α. All four
data sets are in good agreement with the expectation.
For vanishing rotation, the input qubit is not disturbed
(Fa ≈ 1), while the target qubit bears no information
(Fb ≈ 0.5). For a π-rotation, the roles of original and
target qubit are reversed, and at α = π/2, both qubits
share the information equally.
This apparent complementarity of the two fidelities can
be quantified. According to Eqs.(5), the points (Fa, Fb)
are located on a quarter-circle whose origin is at (0.5, 0.5)
and whose radius is 0.5. Figure 5 verifies this relation.
Here, the experimental fidelities are plotted against each
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FIG. 5: Trade-off diagrams in the asymmetric cloning ma-
chine respectively for different phase angles ϕ of the initial
state |ψ〉ini. The full line shows the theoretical expectation
for phase-covariant cloning, while the dashed line represents
the limiting value for a universal cloning machine. The dif-
ferent symbols refer to experimental data points for different
initial conditions.
other for different rotation angles α and different initial
phases ϕ, represented by the different symbols. All ex-
perimental points are close to the circle representing the
theoretical expectation [34]. The dashed curve in Fig-
ure 5 represents the theoretical prediction for a universal
cloning machine [15]. Evidently, the theoretical curve for
phase-covariant cloning as well as the experimental data
are outside of this range, except for angles close to 0 or
π, where the information is located on a single qubit.
VI. CONCLUSION
In summary, we have experimentally realized an opti-
mal asymmetric 1→ 2 phase-covariant cloning machine.
As a function of a continuous angle variable in the cloning
operation, the phase information of the input state is
transferred to the two output states such that either the
original qubit is only slightly disturbed (α → 0) or that
most of the phase information is transferred to the sec-
ond qubit (α → π). The case of symmetric cloning is
recovered for α = pi2 .
In the case of quantum cryptography, this tradeoff de-
termines how much information the eavesdropper can
gain for a given disturbance of the transmitted informa-
tion. The fidelities found for this phase-covariant cloning
were higher than the upper bound for universal cloning.
The cloning was implemented experimentally on an
NMR quantum information processor. For the cloning
operations, we used cyclic rotations of the qubits in such
a way that the system acquired a geometrical phase. This
procedure has been proposed for shielding the gate oper-
ation from such perturbations that leave the area of the
quantum mechanical trajectory invariant and thereby im-
prove the overall fidelity.
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